Results are obtained on existence theorems of generalized bi-quasi-variational inequalities for quasi-semi-monotone and bi-quasi-semi-monotone operators in both compact and non-compact settings. We shall use the concept of escaping sequences introduced by Border (Fixed Point Theorem with Applications to Economics and Game Theory, Cambridge University Press, Cambridge, 1985) to obtain results in non-compact settings.
INTRODUCTION
If1,is a non-empty set, we shall denote by 2 x the family of all non-empty subsets of X. If X and Y are topological spaces and T: 1,--* 2 ', then the graph of Tis the set G(T):= {(x,y)E 1,x Y: y E T(x)}. Throughout this paper, denotes either the real field or the complex field C. Let (i) for each x X, g(x, x) < 0 and for each x, y X, f(x, y) > 0 implies g(x, y) > 0;
(ii) for each fixedx X, the mapy f(x, y) is lower semicontinuous on X; (iii) for each fixed y X, the set {x X: g(x, y) > 0} is convex; Then The following definition is a generalization of (3) and (4) M is said to be bi-quasi-semi-monotone if M is h-bi-quasi-semimonotone with h--0. If "each finite set {/3: j=0, 1,...,n) of nonnegative real-valued functions on X" is replaced by "each family {/30, p E*) of non-negative real-valued functions on X" and T=0, M becomes a generalized h-quasi-semi-monotone operator as defined in [7, Definition 4, p. 296].
Clearly, a semi-monotone operator is also an h-bi-quasi-semimonotone (respectively, a generalized h-quasi-semi-monotone) operator. But the converse is not true; because if T--0,/3o and/3k 0 for each k 1,2,..., n (respectively, if/3o and for each p E*,/3p 0), then an h-bi-quasi-semi-monotone (respectively, a generalized h-quasisemi-monotone) operator is an h-quasi-semi-monotone operator which is not necessarily a semi-monotone operator. The following example, which is Example 2.8 in [9] shows that an h-bi-quasi-semi-monotone operator T need not be a semi-monotone operator. It is shown in [9, pp. 3 1-32] that T is not semi-monotone although it is quasi-monotone.
The following example, which is Example 2.9 in [9] shows that an hbi-quasi-monotone operator T need not be a quasi-monotone operator. Re(j 2-v,;f x) < h(x) h(29) for all x S(). Moreover, if S(x) X for all x X, E is not required to be locally convex and if T =_ O, the continuity assumption on (,) can be weakened to the assumption that for each f E F, the map xH (fix) is continuous on X. Proof We divide the proof into three steps:
Step 1 There exists a point p E X such that p E S(p) and is lower semicontinuous on X by Lemma B. Hence for each fixed x E X, the map y (x, y) is lower semicontinuous on X.
(3) Clearly, for each fixed y E X, the set {x E X: (x, y) > 0} is convex.
Then and satisfy all the hypotheses of Theorem A. Thus by Theorem A, there exists 33 X such that (x, 33) < 0 for all x X, i.e.,
for all x X. Step 2 inf inf Re(f-w,.f x) < h(x) h(f;) for all x E S(33).
Indeed, from Step 1,33 S(33) which is a convex subset of X, and
Hence by Lemma 2, we have inf inf Re(f-w,f; x) < h(x) h(.f) for all x S(33).
feM(p) weT(p)
Step 3 There exist a point f M(j3) and a point E T(j3) with
Step 2 we have When M is h-quasi-semi-monotone instead of h-bi-quasi-semimonotone, the result follows immediately from Theorem 2.
Since a semi-monotone operator is also an h-quasi-semi-monotone operator and an h-bi-quasi-semi-monotone operator, Theorems and 2 are extensions of Theorems 4.4.6 and 4.4.7 respectively in [6] . The proof of Theorem here is obtained by modifying the proof of Theorem 4.4.6 in [6] . Although M is h-quasi-semi-monotone or h-bi-quasi-semimonotone instead of semi-monotone, there is no difference between the proof of Theorem 2 here and the proof of Theorem 4.4.7 in [6] . But for completeness we have included the proof of Theorem 2 here.
In Sections 3 and 4, we shall present out main non-compact contribution of this paper. 
NON-COMPACT GENERALIZED BI-QUASI-VARIATIONAL INEQUALITIES FOR QUASI-SEMI-MONOTONE AND BI-QUASI-SEMI-MONOTONE OPERATORS

:-x) <_ h(x) h() for all x S().
Moreover, if S(x) X for all x X, E is not required to be locally convex.
Proof Fix an arbitrary n N. Note that C, is a non-empty compact convex subset of E. Define Tn(n) withRe(n n,.fn x) < h(x) h(n) forallx Sn(fn 
Let (E, II'll) be a reflexive Banach space, X be a nonempty closed convex subset of E and F be a vector space over b. Let (,) F x E d be a bilinear functional such that (,) separates points in F and for each f E F, the map x f x) is continuous on X. Equip (3) h X I is convex and continuous; (4) 
NON-COMPACT GENERALIZED BI-COMPLEMENTARIT PROBLEMS FOR QUASI-SEMI-MONOTONE AND BI-QUASI-SEMI-MONOTONE OPERATORS
In this section, we shall obtain existence theorems on non-compact generalized bi-complementarity problems for quasi-semi-monotone and bi-quasi-semi-monotone operators.
By modifying the proof of the result observed by S.C. Fang (e.g. see [5, p. When X is a cone in E, by applying Lemma 3 and Theorem 3 with h--0 and S(x) I" for all x 1", we have immediately the following existence theorem of a non-compact generalized bi-complementarity problem for bi-quasi-semi-monotone operator:
THEOREM 4 Proof Suppose x, y X, p M(x) and q E M(y). Then we have (p, x y) _> I(x) f'(y) and (q, y x) _> r(y) F(x).
Thus (p,x-y)-(q,x-y)=(p,x-y)+(q,y-x)>_O. Hence M is F-monotone, i.e., monotone with respect to the bilinear functional (,).
We shall now give the following proposition which will show that the existence of solutions of generalized bi-quasi-variational inequalities guarantee the existence of the minimizers for the minimization problem (5.1). Proof Let S:E--. 2 E be defined by S(x)= E for all x E E and T= 0 in Theorem 2. Since M is F-subdifferentiable, by Proposition 2, M is F-monotone, i.e., monotone with respect to the bilinear functional (,).
Thus Mis h-bi-quasi-semi-monotone (respectively, h-quasi-semi-monotone) with respect to (,). Then from Theorem 2 with i" E and T--0, it follows that there exist a point 33 E E and a pointp E M(33) F-Or( such that Re(p, x) + h( )) h(x) < 0 for all x X. Thus by Proposition 3 it follows that 33 minimizes P on E.
